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TheWoblemofthemotionof en elongatedbodyofrevolutionin
an incompressiblefluidmay,as islmown,be solvedapproximatelywith
theaidofthedistributionof sourcesalongtheaxisofthebody. In
determiningthevelocityfield,thequestionofwhetherthebodymoves
uniformlyorwithan accelerationisno factorintheproblem.The
presenceof accelerationmustbe takeuintoaccountindeterndningthe
yressuresactingonthebody. Theresistanceofthebodyerisingfrom
theacceleratedmotionq be computedeitherdirectlyon thebasisof
thesepressuresorwiththeaidoftheso+sUed associatedmasses
(inertiacoefficients).A differentconditionhoidsinthecaseofthe
motionofbodiesina compressiblegas. Inthiscasethefinite
velocityof soundmustbe takenintoaccount.H it isassumedthat
thebodyproduces intheflowonlysmelldisturbances,thevelocity
potentielp satisfiesthewaveequation:

(1)

where a isthevelocityof sound.Themethodof sourcesstillremains
applicablebutin ccmputingtheeffectofthesourcesit isnecessary
to tie useoftheretardedpotential.

We introducetwosystemsofcoordinates,onea fixedsystem ‘
Ttheothermovingwiththebody Y, where x ad k me, reslectv~lY,

thecoordinatesalongtheaxisend r isthedistancefromtheaxis.
ThecoordinateE iscomputedfromthenoseofthebody.

Let r = F(E) be theequationofthebodyofrevolution(O< E < Z). ‘
Thepositionofthebodyischaracterizedby theinequalities
-f(t)<x< Z -f(t),where f(t) isa givenfunctionofthet-
characterizingthemotionofthebody. Thecoordinatesx and 3 sre
sonnectedby theequationx = E- f(t).

,
*“OVllianiiuskoreniyana soprotivleniepridvizhe~iprodolgovatykh

telvrashcheniyav gazM. ” PrikladnayaMatematikai Mekhanika,Vol.10,
● no.4, 1946,pp. ~21-524.
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Let q = q(xt,tf) be thevalueofthelineardensityofthesource

atthepoint Xt attheinstantoftime t~ and R = j-
be thedistancebetweenthesourceandthe‘pointconsidered.The i
potentialofthedisturbancevelocitiesisthen

wheretheintegral
inequalities

(p(x,t)=- &-J+ (Xf,t-j b:

istekenbetweentheMmits determinedlythe

()-f t ()-:<xt<z-f t-:

In orderto establishtherangeof integration,wemustconsider
inthe@ane x3t1 a strip-f(t*)<x$ < 2 – f(t~) betweenthe
linesofmotionofthefrontandrearpointsofthebody(fig.1) and
thepartoftheseinihyperbolainthisstrip.

Theabscissasofthepertofthesemi~perbolaconsideredformthe
rangeof integration(fig.1). Asx be seenfromthefigure,the
rangeof integrationmayconsistof oneorseveralsegments.Theends
ofthecorrespondingarcsofthehyperbolamaylieeitherontheline
ofmotionofthenoseor onthelineofmotionofthebase. In
particul=,inthemotionofthebodywithsupersonicvelocityit is
possiblethatwithinthestripconsideredthereliesanentirearcof
thehyperbola,bothendsofwhichlieonthelineofmotionofthe
nose(aswillbe thecase,forexample,fora uniformsupersonicmotion
orfora motionayproxlmatingthistype).

Thefunctionq(xt,tl)mustbe determinedfromtheintegral
equationexpressingthefactthatthenormalcomponentofthevelocity
ofthegasonthesurfaceofthebodyisequaltothenormalcomponent
ofthemotionofthebody:

where ~/& denotesdifferentiationalongtheouternormaland
E x + f(t). Inwhatfollowswe considerthederivative~–~~ as
Su=ll.andshaKlgivean approximatesolutionofequation(2).
assumptionmade,

Forthe
~~n maybe replacedby &#/&. We assumefor

.
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. stiplicitythat

3

the rangeof integrationreducesto thesegment(xl,%).
Equation(2)thenassumestheform

If Z/2 and ti-/d~areconsideredsmallquantitiesof theffistorder
andthetihigherdegreesorderivativesereneglected,an approximate
solutionof equation(3)willBel

q(x,t)= 231ft(t)F(g)* (4)

.

We shellshowthattheerrorinsubstitutingthisexpressionin
equation(3)isa magnitudeofthesecondorderof smallness.Forthis
& oseitisconvenienttowrite er* for 5? where z+ = r*(~) isa
v~iablequantityoftheorderofunityrelativeto 2and6 isa
sma13constantnuriber.Thedegreeof e ineachexpressionthenshows
itsorderof smaJJness.We considertheorderofthetermsoftheleft
sideofequation(3). Thetermsoutsidetheintegralontheleftof
equation(3)containingq as a factorforfidte tezms(inthegeneral
case)willbe ofthesecondorderof smallness.In thesameweythe
expression

is ofsecoti~rdersmallness.We writetheremainingterm

(5)
<

in the form

J-

%his solution(4)wasfirstusedbyK&&n (reference2) inthecase
of a uniformmotion(Inperticuler,forobtainingtheapproximatee valueof
thewaveresistance).



4

As a resultofthecomputationof
we obtain

r

Fortheestimates
andthirdintegralsof

q(x~,t)-q(x,t)=

Hencethaestimatesof

80 that these integrals
smallness. Thus

mm m 1230

thefirstintegral.ofthisexpression

(7)

ofthedifferencesinthebracketsinthesecond
expession(6) we have,respective-

O(G2)R, q(xt,t)-q(x~,t-R/a) = 0(c2)R (8)

integralsare

[

%2
0(62)r

xl

sre likewise

of theform

mgnitudesofthesecondorderof

(9)

aswasrequtiedto be proven. .

Theexpressionforthevelocitypotentialaftersubstitutingin
equation(4)becomes

Forcomputingthefieldofpressureswe havethe
ofBernoulli

P -F .2 @
—=-—-atP 2

where p isthepressureatthegivenpoint,F

(u)(7(5) ‘+ )
generalizedformula

(12)

thepressureinthe
undisturbed“region,p thedensitya@ w themodulusofthevelocity.
Neglectingmagnitudesofthesecondorderw2/2 andtakingaccountof *
theequations

(13)
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we obtain

Jntheparticularcasewherethepressureisrequtiedonthesurface
ofa projectile,themotionofwhichapproximatesto uniformsupersonic
motion,theyoint ~ liesonthelineofmotionofthenoseofthe
projectileandthelasttermontherightof eqution(14)isequel
to zero.We obt@in

(15)

where xl and ~ aredeterminedfromtheequation

Inthecaseofuniformmotionx = ~t– vt + c andequations(15)

(16)

Theadditionalpressureproducedby theaccelerationisthereforegivenby
theequation
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where ~*~ isdeterminedfromtheequation .

@ = E*: - ft(t)t:-f-f~(t)t-f(t) (19)
.

J&cmthestructureofequation(18) it iS eas~ seenthatthe
relativeincreaseofthepressurearisingfromtheaccelerationhas,for
velocitiescomparablewiththevelocityofsound,an orderofnagni-
tude b2/v2 where b = fn(t) istheacceleration.Hencef,orrocket
pro~ectilesoftheusualMnensions,foraccelerationsnothigher
than1000meters~ersecond2andvelocitiescomparabletiththevelocity
of sound,theaddedpressureserisin.gfromtheaccelerationare
negligiblysmall.

Thisisconfirmedalsoby thefollowingillustrativecomputation.
Thelengthofthewarheadportionoftheshellisequalto Z = 0.25meter
andthemaximumradiusF = 0.07meter.Thegeneratoroftheheadisan
uc ofa perabolawhichsmootlilygoesoverintothecylintiical partso
thatit isgivenby theequationY = o.56t- 1.12E2(scale inmeters).
Themotionisoneofuniformaccelerationwithan acceleration
of1000meterspersecond2sothatthelineofmotionof’the
projectilex =-5ooot2 (t> o), X=o (t <o).

Thepressuredistributionover thewarheadisfoundattheinstant ,
Oftmt= 0.5secondsuchthatthevelocityisequalto v = 500meters “
persecond.TheairdensityP = 0.125kilograms-lpersecond2.There
wereobtainedforthepressuredistributions(withaccounttakenofthe
acceleration)andtheadditional.pressures5P producedby the

.

accelerationthefolluwingvalues:

5 = o.o~ 0.10 o.1~ 0.20 E = 0.05 0.10 o.1~ 0.20 (meters)

P-F= 85~,7448,5970,3588;5P= -5.0 -5.5-11.0-16.0 (kilogramspermeter2)

Thewaveresistanceandthecorrespondingaddedresistancewerethen
obtainedas

,

.
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Theaddedpressures5P erisingfmmthe accelerationwerecomputedfrom
theapproximateequation(18) whichfortheexamplegivenhastheform

(tz%~ )]tfbxl
+b7t(o) ~-y

where

(a)

TranslatedbyS.Reiss
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